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The Hopf algebra
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I'he Reshetikhin—
Turaev functor

n Repg(sly)

Definition

Uy(sly) is the non-commutative C(g)-algebra with :

generators

relations

Ki:tla Eia Fia

KB = *EK;
KiF; = ¢ *FK;
[Ei, F;] = 0i;

1<i<N-1

[~ =0if [i—jl=2 , [Ki K] =0
KiEix1 = ¢ 'Ein K,

, KiFig = qFin K,

K;—K !
1) q—q-1

EfEiz1 — (¢ +q BB B + Eip Ef = 0
F?Fii1 — (q+q YEFu Fi+ F F? =0

4

Definition

Repq(sin)

category of finite dimensional represen-

tations of U, (sly)
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I'he Reshetikhin—
Turaev functor

on Repg(slpy)

Definition

U, (sln) has coproduct given by : A(K;) = K;  K;
AE)=E®1+K®FE , AF)=FeK '+1aF
and counit e(K;) =1 , &(E;) =¢e(F;) =0.

~ Repy(sln) is monoidal with ®c(q)

v

Definition
U, (sln) has antipode given by :
S(Ki)=K; ', S(E)=-EK ' , S(F)=-KF,
~> Repq(sln) is rigid
Proposition

Uy(sln) is (almost) quasitriangular and has a ribbon element

~» Repy(sly) is braided and ribbon

v
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Standard representation V basis vq,...,vy and action :

1
HOMFLY 1 0 ce 0
N-specialization
0
The Hopf algebra
Ug(sly) and its
representations i q
K; =
The Reshetikhin— : -1
Turaev functor q
on Repg(sly)
0
0 0 1
0 i+1 0 7
i 1
E; = F =
i+1 1
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{1,...,N—-1} — Z
Note L; : ]

J 0 — 01
so K; -vj = qri@Wy;.

Definition

W € Repy(sin), p:{0,...,N =1} > Z, we W ~ {0} is of
weight p if K; - w = ¢*ODw, Vi.

w highest weight if E; -w =0, Vi

U, (sln) - w highest weight module

Examples

e v; € V has weight L;. Only v; is a highest weight vector. V' is
a highest weight module of highest weight L.

e v, ® - ®uv; € VO has weight >, L;,
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Highest weights of V7 ?

o= 22:1 Li, [ [ ‘ A1 =F#of 1 %n the zik’s
A2 = # of 2 in the ix’s
=MLy +---+AnLy ‘

1 Mo =T ‘
A7 l(A) <N L] AN = # of N in the ix’s
Vo € G, Vigy @+ @ Vi, has weight pu.

Ei.v?i“ = Zk'qu?i =07

$ $
i+ i+ : : . .
( )‘i+1+1) — (Ai+1j11) ~ solution vy if A\; > Aj41

~ A Young tableau
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The Reshetikhin—
Turaev functor

on Repg(sly)

Definition : type 1 simple representations

A7, I(A) < N, Young tableau as above :

Vi = Uy (sly) - va € VO highest weight submodule of weight
> ALy

Definition : 1-dimensional simple representations
56 {1, —1}”7 Tg(Kz) = &4, Tg(El) = Tg(Fl) = 0

Theorem (Lusztig, Rosso)

Repg(sly,) is semi-simple and its simples are the T>® V).

Corollary
Submodules of V& give all type 1 modules
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The Reshetikhin—
Turaev functor

on Repgq(sly)

Theorem (Turaev)

JIRTy : Tan/™ — Rep,(sly) monoidal such that RTy (+) =V,
RTy (=) =V*, RTy(JX) = cvv, RTy (£ ) = evy,

RTy (\_/) = coevy and RTy( @\ ) =0y.

Example : 7\

RTv(/—\) = RTV % = €Vy O Cy,y* © (ev (9 Idv*)
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Proposition (Sikora, Lin-Zheng)
The braiding cy,y = X VeV =V ®Visgiven by :
qu; @ v; ifi=j
CV,V('UZ'®U]’) =q_% v; @ vy ifi<yj
vV + (q—qg N, ®u; ifi>j
The twist is 6y = @\ =¢V-~Idy :V = V.
Duality morphisms are :

evvzm:{V*W — C)

7
v vj = 51‘3‘

b

C Vev:
coevy =\_/: (@) = @ . and for example
1 — ZZ v; @V*

Vevs -  C(g

v; @ v q%_N_l(Sij

eUVR:m:{
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The Reshetikhin—
Turaev functor

on Repgq(sly)

Proposition
RTy : Tanf™ — Rep,(sly) satisfies :

+ + + +
g~ RTy Z — ¢ VRITv g =
+ + + +
+ +
(¢—q ')RTv H
+ +
+ +
and RT %7 = ¢V~ RT
1% ) q Vv |
+ +
Corollary

RT(L) = xn(L) € End(C(q)) ~ C(q)
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Proof

HOMFLY
N-specialization q_l'Ui @ v; if i = ]
The Hopf algebra 1 _ 1 —1 i :
Uqg(slpy) and its CV,V(vi®Uj)_qN Uj®v¢—(q—q )'Ui®71j 1f’L<]
representations ’Uj ® ’Ui if Z > ]
The Reshetikhin— 1 11 _
T S—— So gV evy (vi @ vj) — ¢ Neyy(vi @) = (g —¢ D @ v;.
on Repgq(sly) y
Normalization
. N
2i—N—1
RTy ( O ) =RTy(™ Yo RTy(\A) =) ¢* = [N],
=1

v
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e g
Définition : T'ang,, .

\Y

z , X, Y, Z € Repy(slx)

X

(Xv +) (Zv_)

Théoréme (Turaev)
3IRT : Tanl,, .
RT((X,+)) = X, RT((X,-)) = X*, RT( X )
RT (x~ \x) = evx, RT(X \_/X") = coevyx and
RT( O\ ¥) = 0x

)y~ Repy(sln) monoidal such that

= CX\Y,
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The colored HOMFLY

polynomial

Definition

L1, colored link «~ Hom,,  s» (C(¢),C(q))

Repqg(sly)

X&(Lar,ae) = RT(Lv,, .. vie)

Proposition (Aiston)
Jey € Tan'™ such that RTy (ey) = py: VO — V), C VO,

setQA:e}\:
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Proposition
XN (Lar,xs) = XN (L*(Qxrr,y ..., Q)
/\2

The Reshetikhin—

Turaev functor )\1
on Repgq(sly) \—/
)\3
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