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The framed HOMFLY

N -specialization χN

q
1
N χN

( )
− q− 1

N χN

( )
= (q − q−1)χN

( )

χN

(
<

)
= qN−

1
N χN

( )

and thus χN

( )
= [N ]qχN

( )
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The unframed HOMFLY

N -specialization PN

PN (L) = q(
1
N−N)w(L)χN (L)

qNPN

( )
− q−NPN

( )
= (q − q−1)PN

( )
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De�nition

Uq(slN ) is the non-commutative C(q)-algebra with :

generators : K±1i , Ei, Fi, 1 ≤ i ≤ N − 1

relations : [−i,−j ] = 0 if |i− j| ≥ 2 , [Ki,Ki±1] = 0 ,

KiEi = q2EiKi , KiEi±1 = q−1Ei±1Ki

KiFi = q−2FiKi , KiFi±1 = qFi±1Ki

[Ei, Fj ] = δij
Ki−K−1

i

q−q−1

E2
i Ei±1 − (q + q−1)EiEi±1Ei + Ei±1E

2
i = 0

F 2
i Fi±1 − (q + q−1)FiFi±1Fi + Fi±1F

2
i = 0

De�nition

Repq(slN ) =
category of �nite dimensional represen-

tations of Uq(slN )



Colored

HOMFLY and

quantum slN
invariant

Benjamin Haïoun

HOMFLY

N-specialization

The Hopf algebra

Uq(slN ) and its

representations

The Reshetikhin�

Turaev functor

on Repq(slN )

De�nition

Uq(slN ) has coproduct given by : ∆(Ki) = Ki ⊗Ki ,

∆(Ei) = Ei ⊗ 1 +Ki ⊗ Ei , ∆(Fi) = Fi ⊗K−1i + 1⊗ Fi
and counit ε(Ki) = 1 , ε(Ei) = ε(Fi) = 0.

 Repq(slN ) is monoidal with ⊗C(q)

De�nition

Uq(slN ) has antipode given by :

S(Ki) = K−1i , S(Ei) = −EiK−1i , S(Fi) = −KiFi

 Repq(slN ) is rigid

Proposition

Uq(slN ) is (almost) quasitriangular and has a ribbon element

 Repq(slN ) is braided and ribbon
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De�nition
Standard representation V basis v1, . . . , vN and action :

Ki =



1 0 i · · · 0

0
. . .

i q
...

... q−1

. . . 0

0 · · · 0 1



Ei =


0 i+1

i

. . . 1

. . .

0

 Fi =


0 i

. . .

i+1 1
. . .

0





Colored

HOMFLY and

quantum slN
invariant

Benjamin Haïoun

HOMFLY

N-specialization

The Hopf algebra

Uq(slN ) and its

representations

The Reshetikhin�

Turaev functor

on Repq(slN )

Note Li :

{
{1, . . . , N − 1} → Z

j 7→ δi,j − δi−1,j
so Ki · vj = qLj(i)vj .

De�nition

W ∈ Repq(slN ), µ : {0, . . . , N − 1} → Z, w ∈W r {0} is of
weight µ if Ki · w = qµ(i)w, ∀i.
w highest weight if Ei · w = 0, ∀i
Uq(slN ) · w highest weight module

Examples

• vi ∈ V has weight Li. Only v1 is a highest weight vector. V is

a highest weight module of highest weight L1.

• vi1 ⊗ · · · ⊗ vir ∈ V ⊗r has weight
∑
k Lik
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Highest weights of V ⊗r ?

µ =
∑r
k=1 Lik

= λ1L1 + · · ·+ λNLN∑N
k=1 λk = r

λ ` r, l(λ) ≤ N

λ1 = # of 1 in the ik's

λ2 = # of 2 in the ik's

...

λN = # of N in the ik's

∀σ ∈ Sr, viσ(1) ⊗ · · · ⊗ viσ(r) has weight µ.
Ei · v

i+1
=

∑
k′qkv

i
= 0?

  
(
λi+λi+1

λi+1

)
→

(
λi+λi+1

λi+1−1
)
 solution vλ if λi ≥ λi+1

 λ Young tableau
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De�nition : type 1 simple representations

λ ` r, l(λ) ≤ N , Young tableau as above :

Vλ = Uq(slN ) · vλ ⊆ V ⊗r highest weight submodule of weight∑
λkLk

De�nition : 1-dimensional simple representations

~ε ∈ {1,−1}n, T~ε(Ki) = εi, T~ε(Ei) = T~ε(Fi) = 0

Theorem (Lusztig, Rosso)

Repq(sln) is semi-simple and its simples are the T~ε ⊗ Vλ.

Corollary

Submodules of V ⊗r give all type 1 modules
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De�nition : Tanfr

objects : •
+

•
+

•
−

•
−

morphisms :

•
+

•
+

•
−

•
−

•
+

•
−

>

<

<

•
+

•
+

•
−

•
−

•
+

•
−

>

<

< ◦

+
• •

−

−
• •

+

<

<
=

•
+

•
+

•
−

•
−

<

−
• •

+

<
<

•
+

•
+

•
−

•
−

•
+

•
−

>

<

< ⊗

+
• •

−

−
• •

+

<

<
=

•
+

•
+

•
−

•
−

•
+

•
−

>

<

<

+
• •

−

−
• •

+

<

<
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Theorem (Turaev)

∃!RTV : Tanfr → Repq(slN ) monoidal such that RTV (+) = V ,

RTV (−) = V ∗, RTV ( ) = cV,V , RTV ( ) = evV ,

RTV ( ) = coevV and RTV ( < ) = θV .

Example :

RTV ( ) = RTV

 <

θ

 = evV ◦ cV,V ∗ ◦ (θV ⊗ IdV ∗)
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Proposition (Sikora, Lin-Zheng)

The braiding cV,V = : V ⊗ V → V ⊗ V is given by :

cV,V (vi ⊗ vj) = q−
1
N


qvi ⊗ vi if i = j

vj ⊗ vi if i < j

vj ⊗ vi + (q − q−1)vi ⊗ vj if i > j

The twist is θV = < = qN−
1
N IdV : V → V .

Duality morphisms are :

evV = :

{
V ∗ ⊗ V → C(q)

vi ⊗ vj 7→ δij
,

coevV = :

{
C(q) → V ⊗ V ∗

1 7→
∑
i vi ⊗ vi

and for example

evRV = :

{
V ⊗ V ∗ → C(q)

vi ⊗ vj 7→ q2i−N−1δij



Colored

HOMFLY and

quantum slN
invariant

Benjamin Haïoun

HOMFLY

N-specialization

The Hopf algebra

Uq(slN ) and its

representations

The Reshetikhin�

Turaev functor

on Repq(slN )

Proposition

RTV : Tanfr → Repq(slN ) satis�es :

q
1
NRTV

 •
+

•
+

•
+

•
+

− q− 1
NRTV

 •
+

•
+ +

•

+
•

 =

(q − q−1)RTV


+
•

+
•

+
•

+
•


and RTV


+
•

<
+
•
 = qN−

1
NRTV


+
•

+
•


Corollary

RT (L) = χN (L) ∈ End(C(q)) ' C(q)



Colored

HOMFLY and

quantum slN
invariant

Benjamin Haïoun

HOMFLY

N-specialization

The Hopf algebra

Uq(slN ) and its

representations

The Reshetikhin�

Turaev functor

on Repq(slN )

Proof

c−1V,V (vi ⊗ vj) = q
1
N


q−1vi ⊗ vi if i = j

vj ⊗ vi − (q − q−1)vi ⊗ vj if i < j

vj ⊗ vi if i > j

So q
1
N cV,V (vi ⊗ vj)− q−

1
N c−1V,V (vi ⊗ vj) = (q − q−1)vi ⊗ vj .

Normalization

RTV

(
<

)
= RTV ( ) ◦RTV ( ) =

N∑
i=1

q2i−N−1 = [N ]q
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Dé�nition : TanfrRepq(slN )

•
(X,+)

•
(Y,+)

•
(Z,−)

•
(Y,−)

•
(X,+)

•
(Z,−)

>X

<

Y

<Z , X,Y, Z ∈ Repq(slN )

Théorème (Turaev)

∃!RT : TanfrRepq(slN ) → Repq(slN ) monoidal such that

RT ((X,+)) = X, RT ((X,−)) = X∗, RT (
YX

) = cX,Y ,

RT (X∗ X) = evX , RT (X X∗) = coevX and

RT ( <

X) = θX
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The colored HOMFLY

polynomial

De�nition

Lλ1,...,λs colored link! HomTanfr
Repq(slN )

(C(q),C(q))

χcN (Lλ1,...,λs) := RT (LVλ1 ,...,Vλs )

Proposition (Aiston)

∃eλ ∈ Tanfr such that RTV (eλ) = pλ : V ⊗r � Vλ ⊆ V ⊗r.

set Qλ = êλ = eλ

>
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Proposition

χcN (Lλ1,...,λs) = χN (L ? (Qλ1 , ..., Qλs))
>

λ1

> λ2

< λ3

 

>

eλ1

>
eλ

2

< eλ
3
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