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Introduction

Two families of polynomials:
@ Colored Jones polynomials

@ ADO polynomials or colored Alexander polynomials

We have a machinery to produce quantum invariants of knots from
finite dimensional representation of ribbon Hopf algebra.

For instance, let KC be a knot:
o (Uq4(sl2), Sn) — Jn(g,K) (Colored Jones polynomial)
o (Ue,(sl2), Va) = ADO,(A, K) (ADO polynomial).
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Result: Unified invariant for knots.

Theorem

There exist Foo(q, A, K) € Z[qg,\Ail] such that:

ADO,(A, K)

FOO(CQI‘aAyIC) — A]C(Azr) )

Foo(q’ qnv IC) = Jn(q7 ]C)

where K is a knot in S3, and Ax(A) is the Alexander polynomial.
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Introduction

Result: Unified invariant for knots.

Theorem

There exist Foo(q, A, K) € Z[qg,\Ail] such that:

ADO,(A, K)

FOO(CQraAle) — A]C(Azr) )

Foo(q’ qnv IC) = Jn(q7 ]C)

where K is a knot in S3, and Ax(A) is the Alexander polynomial.

GOAL: Build this invariant and the ambient ring.
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How to produce invariants?
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where
@ Ais a k algebra,
o 1:A® A — A (multiplication)
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Universal and quantum invariants factory

Quantum invariants
Universal invariant

The main tool to produce those invariants are ribbon Hopf algebra:
(A, i, Aye, SR, v)

where
@ Ais a k algebra,
o 1:A® A — A (multiplication)
ik — A (unit)
A:A— A® A (comultiplication)
€ : A — k (counit)
S : A — A anti-homomorphism of algebra (antipode)
R € A® A invertible (R-matrix)
v € A (twist)
e + CONDITIONS
fR=Ya®Bwesetu=> S(3)aand § = vu! the pivotal
element.
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Universal and quantum invariants factory @ueEntm fvErEns

Universal invariant

Elementary tangles:

\ /
\ /

2 TN A

Juxtaposition and concatenation:

RO P
I I

Tz
Ty T2 T
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Universal and quantum invariants factory

Quantum invariants
Universal invariant

RT functor for elementary tangles colored with finite dimensional
A-modules:

Fa =lIldy, Fa = ldy+«
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Universal and quantum invariants factory

Quantum invariants
Universal invariant

RT functor for elementary tangles colored with finite dimensional
A-modules:

Fa =lIldy, Fa = ldy+«

@ Fa(K, V) is a knot invariant.

A unified knot invariant



Universal and quantum invariants factory

Quantum invariants
Universal invariant

We can also get a knot invariant in A without finite dimensional
representations.

A unified knot invariant



Universal and quantum invariants factory

Quantum invariants
Universal invariant

We can also get a knot invariant in A without finite dimensional
representations.
Represent elements of A with coupons:

A unified knot invariant



Universal and quantum invariants factory

Quantum invariants
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We can also get a knot invariant in A without finite dimensional
representations.
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Universal and quantum invariants factory

Quantum invariants
Universal invariant

We can also get a knot invariant in A without finite dimensional
representations.
Represent elements of A with coupons:

— 0! ;

You get @*(K) the universal invariant.
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The ADO and colored Jones polynomials

A unified knot invariant



ADO and colored Jones

Colored Jones example:

@ Up(slp) is the Q((h)) algebra topologically generated by
H, E, F and relations

K—K!
[H,E]=2E, [H,F]=-2F, [EaF]:ﬁ

where g = e and K = ¢".
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ADO and colored Jones

Colored Jones example:

@ Uq(slo) C Uy is the Q(q) sub algebra generated by E, F, K.
It's also an Hopf algebra. But it's not ribbon since
R ¢ Uy ® Uy.
Nevertheless, only a finite number of terms in R will have a
non zero action on finite dimensional modules.

o Simples modules: S, =< v, ..., v, > with Kvo = q"vp,
Evo =0, Fv; = vi41.
o Knot invariant: (Ug, Sp) — Ja(q, K).
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ADO and colored Jones

ADO example:
o U, (sl2) where g = (2, a root of unity.

It is not a sub algebra of Up. But it has an operator ribbon
structure with

_ 1 nn
R =q"%" Z }q U EN G P

and 0 = K1,
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ADO and colored Jones

ADO example:
o U, (sl2) where g = (2, a root of unity.

It is not a sub algebra of Up. But it has an operator ribbon
structure with

o H®HZ{1}q nn 1 En®Fn

and 0 = K1,

@ More simple modules: V4 the Q((2,)[A] module freely
generated by (vo, ..., v,—1) endowed with U, action:
Kvo = Awg, Evp =0, Fvj = vj41.

e Knot invariant: (U,,, Va) = ADO/(A,K)
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How to unify these two families?

@ Jones setup: formal deformation g but highest weight ¢”.
@ ADO setup: formal highest weight A but deformation (,.

— We need both of them to be formal.
— We need to be able to evaluate A — ¢" and g — (o,

The Verma module: Let V# be the Q(q)[A] module freely
generated by vp, v1,... endowed with a Uy action:

KVO = AV() EV() =0 FV,' = Vij4+1.
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ADO and colored Jones

How to unify these two families?

@ Jones setup: formal deformation g but highest weight ¢”.
@ ADO setup: formal highest weight A but deformation (,.

— We need both of them to be formal.
— We need to be able to evaluate A — ¢" and g — (o,

The Verma module: Let V# be the Q(q)[A] module freely
generated by vp, v1,... endowed with a Uy action:

KVO = AV() EV() =0 FV,' = Vij4+1.

@ Problem: It is infinite dimensional, we can't use the quantum
invariant machinery.
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Quantum algebra setup

Algebraic setup to produce the unified invariant.
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Quantum algebra setup

The universal invariant approach:
o QUYr € U, and VA the Verma module:

QY vy = Frcvo

and Fic € Q[A][[h]] is a knot invariant.
@ Problem: impossible to evaluate g — (5.
e U, as a Z[q| algebra?

o Pb 1: Denominator in [E,F] = K_qK:.

e Pb 2: Denominator in R = qH§H >on 1{{?}; rq
e Pb 3: Convergence of R in Uy ® U,.

® F".
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Quantum algebra setup

Integral setup:
o Let U the Z[q] sub algebra of U}, generated by E, F(") and K

with F(n) = “fq . (Pb 1 and Pb 2 solved)
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with F(n) = “fq . (Pb 1 and Pb 2 solved)

o We build the completed algebra U = I@JH with

n
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Quantum algebra setup

Integral setup:
o Let U the Z[q] sub algebra of U}, generated by E, F(") and K

with F(n) = “fq . (Pb 1 and Pb 2 solved)

o We build the completed algebra U = IinE with

n

Jo =< FUHRIH + min—i}q; 0<i<n, mGZ keN>.

HQH

o It is an Hopf algebra, and R=q 2 ), q o) E”@F( n the
sum converges.

2 .
o The universal invariant QYr(K) € g U where f is the
framing of K.
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Quantum algebra setup

The unified invariant:

e The U Verma module is the Z?],\A] module topologically
generated by vp, v1,. ..
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The unified invariant:

o The U Verma module is the Z?],\A] module topologically

generated by vp, v1,... where
—— Z[q, A
Z[a Al = lim 219 A
G

and I, =< {a+ m;n}, m € Z > with q* := A.
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The unified invariant:

o The U Verma module is the Z?],\A] module topologically

generated by vp, v1,... where
—— Z[q, A
Z[a Al = lim 219 A
G

and I, =< {a+ m;n}, m € Z > with q* := A.
a2 —
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Quantum algebra setup

The unified invariant:

o The U Verma module is the Z?],\A] module topologically

generated by vp, v1,... where
—— Z[q, A
Z[a Al = lim 219 A
G

[XZ/\

and I, =< {a+ m;n}, m € Z > with q* := A.
€q' 7 Z[g, Al

o QUnyy = Fo(g, A, K)vp where Fo(g, A, K)
called unified invariant.

@ Since S, C VA with A= q",
J (q7 IC)VO QUhVO - Foo(q7 qnaIC)VO

— We get back the colored Jones polynomial when A — g".
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Factorisation at roots of unity

How to factorise the ADQO invariants?
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Factorisation at roots of unity

We consider states diagrams of the knot:
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Factorisation at roots of unity

We consider states diagrams of the knot:

4

Figure: State diagram of the figure 8 knot
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Factorisation at roots of unity

We consider the states diagrams of the knot:

@ For Fo, ik € N :

aktic be—ik

\

bk ak

— qfk(ig;” {ak + Ik 3k+bk)aq2(3k+ik)(bk*’.k)

} {a—aki ik}qq
1k q
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Factorisation at roots of unity

We consider the states diagrams of the knot:

@ For Fo, ik € N :

aktic be—ik

\

bk ak

ak+bi)a 2(ak+ix)(bx—ik)

i =1 [ag + i
—q 2 {k. « q

} {a—aki ik}qq
1k q

e For ADO, we suppose ag, by € {0,...,r — 1}, let
ike{0,....,r—1}

ak+ ik bk — i

N

bi ak

{Ct—ak; I'k}qq—(ak-‘rbk)ocq2(ak+ik)(bk—fk)

(i =1) [ak + ik}
2
! q

with q= C2r
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Factorisation at roots of unity

What happens at roots of unity when:

ak + rug + ik + rl by + rvie — i — rlg

by + vk ay + ruy
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Factorisation at roots of unity

What happens at roots of unity when:

ak + rug + ik + rl by + rvie — i — rlg

by + vk ay + ruy

We get the following factorisation:

/ —\u Vi )ro
_><uk + k>{ }<Z,C2r( Vi)

W=D Ta, + ' e e o
X Gy, 2 I: . C {a —ak ’k}Cer2r(ak+ k)ocgzﬁak—i-lk)( —ik)
2r
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Factorisation at roots of unity

What happens at roots of unity when:

ak + rug + ik + rl by + rvie — i — rlg

by + vk ay + ruy

We get the following factorisation:

/ u Vi )ro
_><uk + k>{ }<Z,C2r( Vi)

1) .
Ik(lkz I:ak + Ik C2—(ak+bk)aC22(ak+fk)(bk—ik)
r r

X CZr :| {Oé — ak; ik}(g,
<2r

Ik
And hence at the level of the invariant:

OO(C2HA7IC) = COO(I’, A,IC) X ADOY(AJC)
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Factorisation at roots of unity

Now we need to understand this Coo(r, A, K):
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Factorisation at roots of unity

Now we need to understand this Coo(r, A, K):
o Fuo(1,AK) = Cx(1,AK),
° Fool@7.0.K) = Jn(q7.K) = afa (MMR)

n—oo AIC (A2)
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Now we need to understand this Coo(r, A, K):
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° Fool@7.0.K) = Jn(q7.K) = afa (MMR)

n—o00 A (A%)
Hence )
Coo(17 A, ’C) == m

A unified knot invariant



Factorisation at roots of unity

Now we need to understand this Coo(r, A, K):
o Fuo(1,AK) = Cx(1,AK),
° Fool@7.0.K) = Jn(q7.K) = afa (MMR)

n—o00 A (A%)
Hence )
Coo(17 A, ’C) == m

o Coo(r,AK) = F,(C(1, A, K)) where F.(A) = A".
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Factorisation at roots of unity

Now we need to understand this Coo(r, A, K):
o Fuo(1,AK) = Cx(1,AK),
° Fool@7.0.K) = Jn(q7.K) = afa (MMR)

n—o00 A (A%)
Hence )
Coo(17 A, ’C) == W

o Coo(r,AK) = F,(C(1, A, K)) where F.(A) = A".

Hence

Coo(r7 A”C) = AK(A2r)
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Factorisation at roots of unity

There exist Foo(q, A, K) € Z[qﬁ,\Ail] such that:

ADO,(A, K)

FOO(CZH A,IC) — A]C(A2r) )

Foo(q7 qn,IC) = Jn(q’,(:)

where K is a knot in S3, and Ax(A) the Alexander polynomial.
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Factorisation at roots of unity

Recap':

Quantum algebra

Z[q*!, A*1] completion
(Variables: g and A)

777777777777777777777 Result
Foo(g, A, K) A—gqr
Verma
Unified invariant
X q=_Cr

Z[q*!] completion
(Variable: q)

ADO,(AK)
Axc (A%7)
' ADO polynomials

Z[¢2/][A*1] completion
(Variable: A)

Figure: Visual representation of the unified knot invariant.
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